We examine supersymmetric properties of null-warped AdS 3 , or alternatively Schrödinger geometries, dual to putative warped CFTs in two dimensions. We classify super Schrödinger subalgebras of the superalgebra psu(1, 1|2)⊕psu(1, 1|2) , corresponding to the superconformal algebra of the AdS 3 ×S 3 geometry. We comment on geometric realisations and provide a string theory description with enhanced supersymmetry in terms of intersecting D3-branes. For type IIB supergravity solutions based on T 1,1 , we consider the relationship between fivedimensional Schrödinger solutions and their three-dimensional null-warped counterparts, corresponding to R symmetry twists. Finally, we study a family of null-warped AdS 3 solutions in a setting where there is an ambiguity over the R symmetry and confirm that, for examples admitting a Kaluza-Klein (KK) reduction to three dimensions, the minimisation of a real superpotential of the three-dimensional gauged supergravity captures the central charge and R symmetry.
Introduction
It is a well-known property of black holes that the area of the event horizon encodes the entropy of the black hole [1, 2] . Indeed, for classes of supersymmetric black holes with AdS 3 near-horizons, it is a further celebrated result from the string theory literature [3, 4] that a microscopic origin for the entropy can be found in terms of the central charge of the dual two-dimensional conformal field theory (CFT).
While supersymmetric black holes lead to AdS 3 near-horizons with SL(2, R)× SL(2, R) symmetry, one simple generalisation is to consider warped AdS 3 , where the isometry is broken to SL(2, R)× U(1). In general, warped AdS 3 near-horizons are fairly ubiquitous, cropping up not only as the near horizon of extremal four-dimensional Kerr black holes [5] , but also residing as vacua in a host of theories including three-dimensional gravity theories with gravitational Chern-Simons terms [6, 7, 8] and higher-spins [9] . In fact, null-warped AdS 3 solutions can easily be generated via TsT transformations [10] and constitute lowerdimensional analogues of Schrödinger geometries [11, 12] of potential relevance to condensed matter. In addition to theories with a gravitational Chern-Simons term, null-warped AdS 3 solutions also appear in Maxwell Chern-Simons theories, which are embeddable in string theory [13, 14] .
The dual field theories for warped AdS 3 are certainly enigmatic. On one hand, one can still naively apply the Cardy formula to count the degeneracy of states and reproduce the Bekenstein-Hawking entropy [15] , thereby hinting that the dual theory may indeed be a CFT with a second hidden Virasoro algebra
1 . An alternative proposal in the literature is that the algebra corresponding to the theory is a single Virasoro algebra with a U(1) Kac-Moody algebra [19] and the dual theory is a more exotic warped CFT, of which there is no nontrivial example. Separately, it has been argued that such field theories arise as IR limits of non-local dipole-deformed theories [20, 21] .
In this paper, we retrace the fact that black holes are microscopically best understood with supersymmetry and it serves as motivation to study null-warped AdS 3 spacetimes exhibiting enhanced supersymmetry, a facet of these spacetimes that has been overlooked to date. Along the way, we will study other supersymmetric properties, and since knowledge about the dual field theory is far from concrete, we will be adopting the standard viewpoint that a dual theory can be defined.
We recall that null-warped AdS 3 is indistinguishable from three-dimensional Schrödinger geometries with dynamical exponent z = 2. Therefore, as has been done in higher dimensions [22, 23, 24, 25] , we start with a classification of the various ways of embedding Schrödinger superalgebras in superconformal algebras in three dimensions. More concretely, we focus on the superalgebra psu(1,1|2) ⊕ psu(1,1|2), corresponding to the superconformal symmetry of the geometry AdS 3 × S 3 . Not surprisingly, we identify similar superalgebras to those based on the N = 4 superconformal algebra psu(2,2|4) and the supersymmetries arrange themselves into "kinematical", "dynamical" and "superconformal", where the latter are generated by the former through the special conformal transformation. However, in addition, we point out the existence of an exotic superalgebra without kinematical supersymmetries, which has no "higher-dimensional" counterpart.
With our classification of superalgebras in hand, it is an obvious line of investigation to establish whether any of them admit a geometric realisation. As we have touched on above, given a Schrödinger geometry, the field theory picture is largely unclear 2 , but finding a corresponding supersymmetric geometry to a superalgebra is a simpler task. By considering an intersecting D3-brane solution, following a prescription given in [33] , it is a relatively simple task to construct null-warped AdS 3 solutions exhibiting enhanced supersymmetry; in this case, six, broken down into two kinematical (spectators), two dynamical and two superconformal. To the extent of our knowledge, this is the first supersymmetric null-warped AdS 3 solution preserving superconformal supersymmetries. More interestingly still, within this class, one can identify solutions that are essentially direct products and should permit dimensional reductions to three dimensions.
As stated, the construction of this new solution essentially parallels the recipe given in [33] for higher-dimensional analogues. Motivated by this fact, we take time to explore what is the relationship between three-dimensional null-warped AdS 3 solutions and higher-dimensional supersymmetric Schrödinger geometries constructed in [33] . Our focus is on examples with enhanced supersymmetry, which are novel in the literature (see also [31, 32] ). Starting from five dimensions, we construct the first explicit example with enhanced supersymmetry based on T 1,1 and remark that the Schrödinger solution, like the example based on S 5 [33] , should also correspond to some vacuum of a yet unidentified five-dimensional theory. We then consider standard twists of the R symmetry direction [34] . Recall that in the absence of Schrödinger deformations, such twists lead to a flow from a N = 1 SCFT [35] to a twodimensional superconformal fixed-point with N = (0, 2) supersymmetry. In the presence of Schrödinger deformations, we find that geometries with enhanced supersymmetry can be twisted, but in three dimensions the end result corresponds to a solution generated via TsT, so all superconformal supersymmetries are projected out in the process. We find no remaining signature of enhanced supersymmetry after the twist and argue that it should not be expected by considering the projection conditions on the Killing spinors.
To date, there have been extensive studies of null-warped spacetimes in the context of the well-known AdS 3 × S 3 × CY 2 solution of type IIB supergravity, where TsT transformations have been applied to generate a host of solutions [13, 20, 21, 36, 37] . Some of the motivation of this current work stems from the need to explore other examples, which have been overlooked. To this end, we recall that the general form of supersymmetric AdS 3 solutions to type IIB supergravity is known [38] and it includes a three-parameter family of solutions [39, 40] dual to N = (0, 2) SCFTs in two dimensions. By applying TsT transformations, and avoiding the U(1) R symmetry, we produce potentially the largest class of supersymmetric nullwarped AdS 3 solutions constructed to date and show generically that they conform with our expectation that a single kinematical supersymmetry is preserved.
Having not touched the R symmetry in the process 3 , we are left with a class of supersymmetric null-warped AdS 3 solutions with a U(1) R symmetry 4 . It is thus expected that c-extremization, a procedure to determine the central charge and exact R symmetry of a N = (0, 2) SCFT in two dimensions [39, 40] , or more precisely, its supergravity dual formulation [42] , can also be applied here. We recall that Ref. [42] recasts c-extremization in the language of three-dimensional N = 2 gauged supergravity and identifies the inverse of the T tensor as the trial central charge. Since the T tensor is built from the embedding tensor, which also appears in the Chern-Simons terms of the supergravity and determines the isometries being gauged, one has a direct relationship between the topological terms and the central charge. Similar conclusions follow from studying 't Hooft anomalies [39, 40] .
Starting from the large class of null-warped AdS 3 solutions we generate, we find it is possible to preserve supersymmetry, while at the same time ensuring that the higher-dimensional solutions that we generate can also be described in the three-dimensional language. In the process, we identify a two-parameter family of three-dimensional null-warped AdS 3 solutions, where the TsT deformations correspond to massive vectors and do not contribute to the Chern-Simons terms of the N = 2 sub-sector of the theory. As such, the T tensor is not affected by the TsT transformation and this suggests that c-extremization may be immediately generalised to include warped AdS 3 . It would be interesting if a supporting picture based on anomalies could be established for the dual (warped) CFTs.
The structure of the paper is as follows. In section 2, we study superalgebras with SL(2, R)× U(1) symmetry, typically referred to as super Schrödinger algebras in the literature. In section 3, we provide a geometric realisation of one of these algebras and in the process construct the first example of a null-warped AdS 3 solution to string theory that ex-hibits supersymmetry enhancement. Later, in section 4, we address the relationship of such solutions to higher-dimensional counterparts corresponding to deformations of AdS 5 . In section 5, focussing on a three-parameter family of supersymmetric AdS 3 vacua, we construct various null-warped AdS 3 solutions via TsT transformation and comment on supersymmetry. Finally, in section 6, we show that a sub-class of the generated solutions can be consistently dimensionally reduced to three dimensions, where the TsT deformations give rise to massive vectors and we comment on the implications for c-extremization. In section 7 we conclude and various technical details are housed in the appendix.
Schrödinger superalgebra
In this section we will give a short summary of super Schrödinger algebras relevant to the present analysis, and for the details, the reader is encouraged to consult Appendix A.
Our starting point is the Lie superalgebra psu(1, 1|2)⊕psu(1, 1|2) , corresponding to the superconformal algebra of the AdS 3 ×S 3 geometry. This superalgebra contains 16 supercharges and the related super Schrödinger algebras are obtained as subalgebras of the superalgebra with the help of projection operators. The basic strategy is the same as in [23, 24, 25] . The bosonic part is universally given by SL(2, R)×U(1) . The distinguished one is the maximally supersymmetric Schrödinger algebra, which preserves 4 dynamical, 4 conformal and 4 kinematical supercharges. The corresponding geometry is simply the light-like compactification of AdS 3 ×S 3 . To appreciate this fact, we recall that the AdS Killing spinors have an x − dependence, which only drops out when the constant superconformal Killing spinor, ψ 0 , satisfies γ + ψ 0 = 0, thus killing half the superconformal Killing spinors. This leaves twelve. It is also possible to obtain less supersymmetric Schrödinger superalgebras. We present an example that preserves 2 dynamical, 2 conformal and 2 kinematical supercharges with the original SU(2) L × SU(2) R R symmetry broken to U(1) L × U(1) R . Later, in section 3, we show how such symmetries can be encoded geometrically in a Schrödinger deformation of AdS 3 × S 3 . Finally, in contrast to higher dimensional cases [23, 24, 25] , we note that some curious structure of supercharges is possible in the present case, due to the low-dimensionality. As an example, we identify an algebra with 2 dynamical and 2 conformal supercharges, which is closed, without kinematical ones. For these less supersymmetric Schrödinger algebras, the corresponding geometries are not obvious, but we shouldn't discourage the hunt and it would be satisfying if associated gravitational solutions for each superalgebra could be found.
Intersecting D3-branes
Recall that AdS spacetimes preserve both Poincaré and superconformal supersymmetries. As is well appreciated at this stage, Schrödinger solutions generated via TsT transformations typically only preserve Poincaré supersymmetries, commonly referred to as kinematical supersymmetries. However, with due care it is also possible to find deformations of AdS geometries where extra Poincaré Killing spinors, called dynamical supersymmetries, are preserved. In turn these new dynamical supersymmetries generate superconformal Killing spinors, providing a geometric realisation of a super Schrödinger algebra. A host of such geometries have been found by considering deformations of known AdS 5 solutions to ten and eleven-dimensional supergravity [31, 32, 33] .
Here we focus on the analysis presented in [33] illustrating how five-dimensional Schrödinger solutions Sch 5 with Sasaki-Einstein manifolds preserving dynamical supersymmetries can be be constructed. Up to a small modification, the same analysis may also be exploited to find similar geometries based on well-known AdS 3 × S 3 × CY 2 geometries of type IIB supergravity. Here we illustrate the method and refer the reader to [33] for a more thorough treatment. We believe that this is the first example of a null-warped AdS 3 geometry with enhanced supersymmetry.
We consider the Ansatz
where f and W are respectively a scalar and a complex two-form defined on R 4 . To recover the usual form of the original AdS 3 solution when f = W = 0, we can simply write R 4 as
The deformations satisfy the following equations of motion: W ab W * ab . Demanding invariance under the Schrödinger algebra, we will be concerned with a deformation W , which may be written as
where σ is a complex one-form. The supersymmetry analysis largely parallels that presented in [33] . Given the distinct lack of spatial directions for warped AdS 3 , some notable differences arise, which we comment on in Appendix C. The most striking departure is that we appear to have more freedom and the projection condition Γ + η + = 0, which is a direct consequence of the above Ansatz and the Killing spinor equations in the higher-dimensional case, does not follow immediately here. However, once one imposes this condition, an analogous solution can be found, which we reproduce here. We remark that the extra freedom we notice here in the Killing spinor equations may be a signature of the presence of solutions corresponding to the exotic superalgebras that exist in three dimensions.
For z = 2 and Γ + η + = 0, as shown in the appendix, the general form of the Killing spinor can be written in terms of Poincaré and superconformal Killing spinors, ǫ = ǫ P + ǫ S , where
The spinors η ± only depend on the R 4 coordinates and satisfy the following conditions:
Example
In order to produce an example, we further decompose the ten-dimensional spacetime into a (6, 4)-split by writing the gamma matrices as
where we have defined ρ
We further decompose the Killing spinors
where ρ 6789 ξ ± = −ξ ± , iρ +−67 ξ ± = ±ξ ± and ζ is a (covariantly) constant spinor on R 4 with definite chirality. With this decomposition, the above conditions (3.7) are satisfied provided
, and more generally CY 2 , has a covariantly constant, positive chirality spinor ζ, where the Kähler form may be written as
Moreover, we also have
In terms of holomorphic coordinates, we then have γμζ = 0, meaning that we can satisfy both conditions (3.11) when W is of type (1, 1) and primitive [33] . This leaves us the task of finding a solution to (3.10). Luckily, this has already been executed in [33] and we can simply quote the essential results. Introducing the one-form 14) such that W = dS, f can be solved in terms of S as
where we have isolated the (0, 1)-component of S,
With this result in hand, we can now produce an explicit example. We let (z 1 , z 2 ) denote complex coordinates on R 4 and take
One notes that ∂ ψ is still an isometry of the solution and the Lie derivative of f and W with respect to ∂ ψ are zero,
We conclude that the R symmetry is broken to U(1) by the deformation. It can be checked that the equations of motion (3.3) are satisfied, ensuring that we have a valid supergravity solution. As a special case, we can set c 1 = c 2 = c, so thatf takes the simple form
We can also consider another deformation, namely (3.27) where c is again a complex constant. Again, one can work out f using the prescription above, 28) which is independent of the angular variables. In terms of angular variables, W may be expressed as
The Lie derivative of W with respect to both ∂ φ and ∂ ψ is now zero, meaning the solution exhibits U(1)× U(1) symmetry, in line with the corresponding superalgebra we have noted earlier.
Note that in various cases above all dependence on the internal S 3 × CY 2 has dropped out from the warped AdS 3 metric. This means that there is some three-dimensional theory with this solution.
Superconformal supersymmetries
We now review some features of the superisometry algebra. Since we do not have any spatial directions in our Schrödinger spacetime, the Killing vectors leaving the solution invariant simply correspond to the Hamiltonian H, the number operator N, the dilatation operator D, the generator of special conformal transformations C and, finally, the Killing vectors corresponding to the preserved R symmetry. These may be expressed as follows:
The generators H, D and C satisfy the following commutation relations
Since M commutes with all other generators, it constitutes a U(1) and together these symmetries form the expected SL(2, R)× U(1) isometry of null-warped AdS 3 . To confirm that the extra Poincaré supersymmetries not annihilated by Γ + generate additional superconformal supersymmetries, we can make use of the spinorial Lie derivative [43, 44] L
where C corresponds to a Killing vector, in this particular case of interest, the special conformal Killing vector. Making use of (B.53), a calculation shows that
which if one neglects spatial coordinates that no longer exist, the expression above is the same as [33] 5 . We see that the kinematical supersymmetries, namely those which satisfy Γ + ǫ P = 0, cannot generate superconformal Killing spinors. Substituting the expression for the Poincaré Killing spinors (3.5), we see directly that
once one identifies η + = Γ + η − . Therefore, we conclude, in line with our expectations, that the special conformal transformations generate superconformal Killing spinors by acting on the dynamical Killing spinors.
Twist of Sch
Maldacena & Nuñez illustrated how one can twist N = 4 super Yang-Mills by putting it on a Riemann surface and allowing it flow to a superconformal fixed point in two dimensions [34] . More generally, this procedure can be applied to any four-dimensional N = 1 SCFT with a U(1) R symmetry, with the twist breaking supersymmetry by a half. Here, we hope to explore what happens when we apply the same procedure to supersymmetric non-relativistic theories with Schrödinger symmetry.
Central to this approach is the key observation that the Schrödinger group embeds in the conformal group [11, 12] in one dimension higher, and it is a well-known fact that the latter maps to the symmetries of AdS. Thus, taking this connection at face value, by deforming AdS 5 so that it exhibits Schrödinger symmetry, one may hope to capture qualitative features of Schrödinger-invariant Chern-Simons matter systems in three dimensions. A collection of potentially relevant field theories can be found in the literature [28, 29, 45, 46] .
We begin by reviewing the Maldacena-Nuñez procedure in the context of a generic AdS 5 solution based on Sasaki-Einstein
where dP = 2J and J is the Kähler-form for the four-dimensional Kähler-Einstein metric KE 4 . The twisting [34] then leads to an AdS 3 solution preserving four supersymmetries:
Note that to perform the twist, we have simply introduced a gauge field A, with field strength
vol(H 2 ), so that the gauge field cancels the contribution to the spin connection of the hyperbolic space H 2 6 .
5 There is also a factor of − 1 2 that can be traced to (3.31). 6 The origin of the various factors and the fact that the Riemann surface must be H 2 can all be traced to (5.21) and (5.23) . While both of these apply strictly to a KK reduction on S 5 , provided one sets F i = F, a i = a and X i = 1, further truncating to minimal five-dimensional gauged supergravity in the process, it is known that S 5 can be replaced with any generic Sasaki-Einstein space [47] . Thus, demanding the warp factor e 2g is positive, we have a > 0 and the fact that the Riemann surface is negatively curved follows from (5.23). Choosing the H 2 to have unit radius, we arrive at the factors quoted above. Now, we want to repeat the process, but replace asymptotic AdS 5 with the asymptotically Sch 5 metric
while incorporating an appropriate three-form flux deformation to support Schrödinger symmetry. Up to the presence of the g ++ term in the metric, f , this is simply the usual Maldacena-Nuñez Ansatz. As before, f in general depends on the radial direction r and the internal coordinates.
Review of T
1,1
For concreteness, we will illustrate this procedure using Schrödinger deformations based on T 1,1 . Before proceeding, we review some salient details. T 1,1 is most easily defined in terms of its Calabi-Yau cone, or "conifold" [35, 48] , which can be described by the quadric in C The complex coordinates w A transform in the four-dimensional representation of SO (4) and have "charge one" relative to a U(1). When the Calabi-Yau is written in terms of a cone over a five-dimensional manifold T 1,1 , together these symmetries encode those of the coset the [SU(2) × SU(2)]/U(1).
The Calabi-Yau metric on the conifold can be written explicitly in terms of a Kähler potential F , ds
where the complex coordinates we introduced earlier, namely w A , can be expressed in terms of a matrix, W =rZ, where
and we have employed the following shorthand notation, c i = cos
The tilde on r is introduced for later convenience. F denotes the Kähler potential, which may be written as 8) and primes refer to derivatives with respect tor 2 . Inserting F into (4.6), while making the following redefinition
one can bring the metric on the Calabi-Yau conifold to the expected form of a cone over the Einstein space T 1,1
where we can further write the metric on T 1,1 as
One can determine the Kähler form from the Kähler potential
Having introduced the metric, we can now contemplate the twist. Before doing so, we should explicitly write out a Sch 5 geometry with enhanced supersymmetry based on T
following the prescription for such spacetimes as given in Ref. [33] . To the extent of our knowledge, this is the first explicit example based on T 1,1 . Up to flips in the signs of the coordinates φ i , we make use of the fact that the Killing vectors for T 1,1 are known. Explicitly, the may be expressed as [49] 
where again i = 1, 2. When multiplied by an r 2 factor, the one-forms dual to the above vectors in a frame tailored to the Calabi-Yau are
It is possible to check that d(r 2 K j ), j = 1, . . . , 6 are all primitive (1, 1)-forms. Furthermore, they are closed by construction and one can check that they are also co-closed in line with EOMs presented in [33] . By projecting the one-forms onto their (0, 1)-component, as we did earlier in section 3, one can determine f :
where c j are again arbitrary complex constants appearing with the above one-forms. By choosing these appropriately, e.g. c 1 = c 3 = c 5 = c, c 2 = c 4 = c 6 = 0, we can find
It is interesting to note that the g ++ term of the metric does not depend on the internal coordinates in this case, so the spacetime factorises into a direct product of Sch 5 with T 1,1 . This suggests that there is some lower-dimensional theory, a five-dimensional one, which supports Schrödinger geometries with enhanced supersymmetry.
Twist
Now that we have identified a suitable five-dimensional Schrödinger solution, one with enhanced supersymmetry by construction, we can ask how one performs the twist? To see this, we consider a concrete example with a complex three-form G, built from the one-form dual to the Killing vector ∂ φ 1 . We can simplify further by taking the constant multiplying the Killing vector to be real, in which case we have no RR two-form and simply a NS two-form
where we have explicitly written out the dual one-form. Originally, prior to the twist, we have c ∼ r 2 , but since we are allowing the various warp-factors in the metric (4.4) to depend on r, we also have to allow the same freedom here too. Now, as happens in the relativistic case, we will simply gauge the R symmetry direction dψ → dψ − 1 y dx, so that the U(1) is now fibered over the H 2 , Dψ =
When there is no g ++ term in the metric and c = 0 this is precisely the deformation required to flow from the AdS 5 vacuum to the AdS 3 vacuum. After the twist, our first observation is that H = dB, while closed by construction, may no longer be co-closed, d * H = 0. In particular, one encounters the equation
Here the warp factor e 2h drops out as it is only a constant and e 2g = 4 9 r −2 can be read off from (4.2). Primes denote derivatives with respect to r. For this equation to be satisfied, c has to scale in a fashion uncharacteristic for Schrödinger solutions, notably c ∼ r
We can reinstate the expected r dependence by introducing an F 3 term of the form
where we have taken c(r) = κr −2 , where κ is a constant. With this choice for c(r), the other flux equations of motion are then satisfied.
Even before going any further to identify the rest of the solution, we note a distinct similarity to solutions generated via TsT, which we will discuss in the next section 8 . As we discuss in the next section, these solutions only preserve kinematical Poincaré supersymmetries and there is no enhancement.
In fact, we can also see this directly from the projection conditions. In the notation of [33] , the ten-dimensional Killing spinor ǫ can be decomposed into eigenspinors of γ D3 = iΓ
The twist introduces an additional projection condition Γ 23 ǫ = iǫ [34, 40] , leading to Γ +− ǫ + = −ǫ + ⇒ ǫ + = 0. In other words, the superconformal Killing spinors of the original fivedimensional geometry are projected out. We are left with
The metrics are related up to an overall scale, so ds One can further check that ǫ − satisfies Γ + ǫ − = 0 as a result. From the viewpoint afforded to us here, this naively looks like it preserves two supersymmetries, but we will see explicitly in the next section that only one survives.
So to close this section, we review what may be taken away. AdS 5 and AdS 3 vacua, and their dual CFTs, are related via a twisting procedure. For AdS 5 × SE 5 geometries a prescription exists [33] to deform the geometry and yet preserve 6 supersymmetries, which may be further broken down into 2 kinematical, 2 dynamical and 2 superconformal. In particular, when SE 5 = T 1,1 , we have shown that one can twist Sch 5 geometries to get Sch 3 , but the prize to be paid is that superconformal supersymmetries get broken.
Warped AdS 3 via TsT
So far, we have explored supersymmetric null-warped AdS 3 (Schrödinger) solutions with enhanced supersymmetry and their relation to higher-dimensional Schrödinger counterparts. To the extent of our knowledge, the example presented in section 3 is the first of its kind. Neglecting this isolated example with enhanced supersymmetry, most null-warped examples to date, or more precisely, those embeddable in string theory, have incorporated TsT [10] either directly [13, 20, 21, 36, 37] , or as the inspiration for an Ansatz [50, 51] . Most commonly, transformations of the well-known AdS 3 × S 3 × T 4 solution of type IIB supergravity are considered, so in the first part of this section, we address other possibilities.
To this end, we return to the classification of supersymmetric AdS 3 solutions to type IIB supergravity [38] and focus on the other notable solution [52, 53] where the geometry is a direct product. As in higher dimensions, we can then generate a null-warped solution via TsT transformation, which also goes by the name null-Melvin twisting. To preserve supersymmetry care should be taken in isolating global U(1) symmetries and initial examples of this transformation involved R symmetry directions leading to broken supersymmetry [54, 55, 56] 9 . It was subsequently realised that some supersymmetry could be preserved when R symmetry directions do not feature in the TsT [41] .
To simplify the TsT procedure [10] , we will work at the level of an Ansatz that covers the solutions of interest to us. We start from a ten-dimensional Ansatz comprising an AdS 3 factor and a circle direction parametrised by ϕ
where g ab denotes the metric for the remaining six-dimensional space. A, B, f, g, A 1 , P and G 4 are respectively 4 scalars, 2 one-forms and a four-form depending on the six-dimensional 9 See also [57, 58, 59, 60, 61] for related constructions.
space. Other fields may be present, but the effect of TsT on these fields is simply two Tdualities, which is the identity, so we omit them. This Ansatz is simply a minimal set of fields that will play a role in the TsT transformation and when f = g = 0 we are starting from an AdS 3 geometry supported by a self-dual five-form flux. Performing a TsT transformation involving a shift in the null-direction, x − → x − + λϕ, one generates the following solution:
Note, both the dilaton, if it is non-zero, and the five-form flux are unchanged. In contrast to similar TsT transformations performed on Freund-Rubin products, such as AdS 5 × SE 5 , where SE 5 denotes a Sasaki-Einstein manifold, here an additional three-form RR flux is generated. We now illustrate how more complicated solutions can be gradually built up by performing multiple TsT transformations using our Ansatz (5.1).
Warm-up
Here we consider an example of a simple supersymmetric AdS 3 geometry [52] , which up to an overall rescaling is simply the twist of the AdS
where we have defined Dψ = (dψ − i cos θ i dφ i − dx y ). Here the coordinates (θ i φ i ) and (x, y) parametrise the S 2 's and H 2 respectively. The AdS 3 spacetime and Riemann surfaces are all canonically normalised to unit radius. More generally, one is free to replace the product S 2 (1) × S 2 (2) with any Kähler-Einstein fourmanifold, but here we just consider the explicit example above. The vector ∂ ψ corresponds to the R symmetry direction with all other U(1)'s being global. It is expected that transformations involving the R symmetry direction will break all supersymmetry, whereas those involving global U(1)'s will break only the superconformal supersymmetries [41] . We will see this explicitly when we come to discuss supersymmetry.
As stated, our initial goal here is simply to illustrate how one can gradually generate more complicated solutions from simpler ones. We start by considering a TsT transformation involving a shift with respect to ψ, x − → x − + λ 1 ψ, since the above solution is already in the correct form and direct comparison with (5.1) is easy. We will show how this fails to preserve supersymmetry later. Comparison leads to the following identifications:
which when plugged directly into (5.2), gives us a new solution. Since A 1 is zero, no F 3 is generated and the only changes will be to the three-dimensional spacetime parametrised by (x + , x − , r) and the inclusion of a B-field. Relative to (5.3), the changes are
As a next step we can consider TsT with respect to φ 1 ,
To do this one simply has to recast the solution we have just generated so that it resembles (5.1). After rewriting, comparison again gives the following identifications:
where we have defined
The resulting solution can yet again be determined from (5.2), however in contrast to the previous TsT, here we also generate a three-form RR flux. Again the changes relative to the original solution can be encapsulated as follows:
We can now repeat another time by performing a TsT involving a shift with respect to
The overall final solution takes the explicit form
with NS field,
and three-form RR flux
The five-form flux is unchanged from (5.3). We bring the reader's attention to the fact that the g ++ term in the metric generically depends on the internal geometry. We now digress a bit to discuss supersymmetry, before repeating for the general case of the three-parameter family of solutions that featured in Ref. [40] .
Supersymmetry
Now that we have generated a simple class of explicit solutions via TsT, we comment on supersymmetry. Since our original AdS 3 geometry can be written locally as a U(1) fibration over a Kähler-Einstein six-manifold, further broken down into Riemann surfaces, it bears some resemblance to AdS 5 solutions based on Sasaki-Einstein five-manifolds (SE 5 ), where one encounters a U(1) fibration over Kähler-Einstein four-manifolds. In each case the U(1) direction corresponds to the R symmetry. We also recall that supersymmetry preserving TsT transformations for AdS 5 × SE 5 geometries have been studied in [41] , where it was noted that a TsT transformation breaks supersymmetry from eight Killing spinors to two Killing spinors provided one avoids the R symmetry. By analogy, in the current setting we expect our original four supersymmetries to be broken to a single supersymmetry. We now illustrate that this is indeed the case.
In support of this claim we now analyse the Killing Spinor equation (KSE) for the generated solutions. We take our conventions from [62] . Since the geometry is originally supported solely by a five-form flux, the dilatino variation is trivially satisfied and the gravitino variation is satisfied by a Killing spinor of the form 12) whereη denotes AdS 3 Killing spinors and it is subject to the projection conditions:
10 In performing all these transformations one could alternatively perform T-dualities on x − provided one first works with the corresponding finite temperature solution and one then takes the zero temperature limit. We have checked that the result is unchanged.
From the solution to the KSE, we clearly identify ψ as the R symmetry direction and the existence of four supersymmetries follows from the three commuting projection conditions.
The net effect of the TsT transformation is to deform the AdS 3 factor, through the introduction of a g ++ component for the metric, while at the same time introducing both a NS and RR three-form flux. The dilatino variation is then no longer trivially zero, but since both F 3 and H = dB 2 have components along the null-direction x + , we can set it to zero by imposing Γ + η = 0. (5.14)
Although this only constitutes a single projection condition, this condition breaks all the superconformal Killing spinors and breaks half the Poincaré Killing spinors. Recall that for AdS 3 , Poincaré η P and superconformal Killing spinors η SC can be written respectively as
where Γ r η ± = ±η ± . Thus Γ + acting on η P breaks the Poincaré Killing spinors by a half, while Γ + acting on η SC implies η − = 0, so we have no superconformal Killing spinors. Thus, the TsT transformation preserves a single Poincaré Killing spinor.
In addition, the projection condition (5.14) implies that
through our chirality condition Γ +−rxyθ 1 φ 1 θ 2 φ 2 ψ η = −η. We now move onto the gravitino variation. Recall that we have changed the solution by introducing F 3 , H and a metric component g ++ , which affects the spin connection. However, if one imposes (5.14) these additional terms only affect the gravitino variation δΨ + . Some of the Killing spinors of the original geometry will survive provided we can eliminate the terms corresponding to F 3 and H is the variation δΨ + . Neglecting the other terms coming from the original solution, the relevant expressions are as follows:
where we denote omitted terms through dots. Substituting in the expressions from (5.9) we get the following
where we have made use of the projection conditions (B.46). Observe that the λ 1 term comes with the wrong sign and will break supersymmetry. So, to summarise, provided we do not touch the R symmetry direction we expect all the geometries to preserve one supersymmetry. This is consistent with observations made in [41] .
General case
Having illustrated the procedure for performing multiple TsT transformations on an explicit example, here we switch our attention to a general class of supersymmetric AdS 3 solutions to type IIB supergravity parametrised by three parameters a i , i = 1, 2, 3. These solutions generically possess U(1) 4 symmetry, three of which come from the reduction on S 5 and the remaining U(1) corresponds to a symmetry of a Riemann surface comprising part of the solution 11 . From the three U(1)'s originating from the S 5 a particular linear combination, which may be determined either by c-extremization [39, 40, 42] or directly in higher dimensions [38] , corresponds to the R symmetry, so if we wish to generate supersymmetric solutions via TsT then, without considering other transformations, we can only consider three transformations.
We immediately review the class of AdS 3 solutions as they appeared in Ref. [40] . In ten dimensions the original solutions may be expressed as
i and the five-dimensional part can further be written in terms of a genus g Riemann surface Σ g : 20) where the AdS 3 radius is set to one, ℓ = 1. Closure of F i demands that a i are constant. In terms of the scalars X i (there is a review of U(1) 3 gauged supergravity in the appendix), the five-dimensional warp factors may be expressed as
where (X 1 X 2 X 3 = 1)
For a supersymmetric AdS 3 vacuum, one demands [39, 40] 
where κ is the curvature of the Riemann surface Σ g . The canonical Killing vector dual to the R symmetry may be expressed as 
TsT
In addition to the obvious three U(1) ′ s parametrised by ϕ i , i = 1, 2, 3, we can also consider a TsT transformation with respect to the U(1) on the constant curvature Riemann surface. One can incorporate the three possibilities for constant curvature Riemann surfaces with the following parametrisation for the space:
where κ = −1, 0, 1 corresponds to the choice of constant curvature. With this choice for the metric on the Riemann surface, the three U(1) gauge potentials become
where ∂ β now corresponds to an additional U(1) Killing direction with respect to which we can perform TsT. We now move onto performing the TsT's. Using our earlier Ansatz (5.1), we can now perform TsT transformations with respect to ϕ i and β in turn. The end result is
As we remarked before, the five-form flux is unchanged, while the accompanying threeform RR flux is
Given that we started with a three-parameter family of AdS 3 solutions and performed four TsT transformations, it is expected that this solution constitutes one of the largest classes of null-warped AdS 3 solutions in a string theory context. As we shall see in due course, with a little gymnastics to avoid the R symmetry, one can also find supersymmetric solutions 12 . We remark that we can extend the above solutions through S-duality transformations. Following each TsT transformation, it is possible to perform a transformation of the form
where τ = C 0 + ie −φ combines the axion C 0 and the dilaton φ. This transformation, a particular case of the SL(2, R) symmetry of type IIB supergravity, leaves the dilaton unchanged and switches the RR and NS two-forms, C 2 and B 2 respectively. Most importantly, it is known that S-duality simply rotates the Killing spinors [64] , so supersymmetry is preserved.
Supersymmetry
In this section we take a quick look at the supersymmetry. Our approach will be morally the same as in section 5. While the original AdS 3 are suitably simple from the five-dimensional perspective, once one considers the full ten-dimensional solution, namely the setting where we can generate new solutions via TsT, the identification of the Killing spinors becomes a difficult task. For this reason we will bypass the analogous step of identifying the Killing spinors, or at the very least, the projection conditions, for the original class of solutions. We will also not consider TsT with respect to the Riemann surface U(1) Killing vector ∂ β (we take λ 4 = 0), as it should be clear that this is a global U(1) and it does not mix with the R symmetry.
Instead, we will simply impose (5.14), in the process breaking all but one supersymmetry, before focussing on the deformations from the original geometry. The metric component g ++ leads to deformations that are projected out of the Killing spinor equations through (5.14), so we simply have to concentrate on the contribution from the terms in (5.17). Using the orthonormal frame in the appendix (D.75), one can identify the corresponding matrix (D.76). Then, plugging the matrix into mathematica and evaluating the determinant we find a necessary condition for supersymmetry This condition ensures we have at least one zero eigenvalue, and thus, some conserved supersymmetry. It is expected that a single supersymmetry is preserved. We can also check that it is consistent with the simplest case where X i = 1, in which case we see that the TsT vector is not along the R symmetry direction.
Comments on c-extremization
We recall that c-extremization [39, 40] is a procedure to extract the central charge and R symmetry for two-dimensional CFTs with N = (0, 2) supersymmetry. A related statement for AdS 3 vacua can be found for three-dimensional N = 2 gauged supergravities [42] , where the so-called T tensor 14 , corresponding to a real superpotential, is extremised. Schrödinger spacetimes that result from TsT transformations have been related in the literature [20] to so-called null dipole theories [65, 66, 67] . On the assumption that we still have a dual field theory description and some preserved supersymmetry post TsT, it is worth considering 13 We have used an explicit representation for the gamma matrices presented in Ref. [70] . 14 In general it is a tensor, whereas with N = 2 supersymmetry, it is simply a scalar.
if the c-extremization procedure outlined in [42] can also be applied to null-warped AdS 3 solutions, where an ambiguity over the exact R symmetry arises.
Even this modest question, unrelated to any field theory treatment or discussion of associated anomalies, may be difficult to answer in a more general setting than the scope afforded by this work. One would need to identify a completely generic null-warped AdS 3 solution with an ambiguity over the R symmetry. In contrast, in the previous section we have applied TsT with the objective of not breaking supersymmetry. In the process, we have left the R symmetry untouched, so for the class of null-warped AdS 3 solutions discussed in the previous section, we expect that the prescription given in [42] still applies. We will now show how this is the case.
Indeed, as we shall observe in this section, there is a two-parameter family of supersymmetric solutions that can be KK reduced to three dimensions. From the three-dimensional perspective, the TsT deformations simply source massive vector fields and not Chern-Simons terms. Since it is only topological terms that are related to the T tensor, in particular the T tensor of the N = 2 sub-sector of the three-dimensional theory, we conclude that the supergravity dual of c-extremization can be applied equally well to null-warped AdS 3 solutions.
So, the task of the rest of this section is to rewrite the TsT transformations in a threedimensional fashion. To aid this, we quickly review the three-dimensional set-up in the absence of deformations coming from TsT. As shown in Refs. [14, 42] (see also [72] for earlier work), five-dimensional U (1) 3 gauged supergravity can be consistently KK reduced on a constant curvature Riemann surface to give N = 2 gauged supergravity in three dimensions. The action takes the form
where we have made use of the following redefinitions of the scalars
and the covariant derivatives can be defined further as
,
In addition to the two original scalars ϕ i of the five-dimensional gauged supergravity, an extra scalar, C, corresponding to the breathing mode of the Riemann surface, arises from the reduction procedure. As explained in [42] , the T tensor, which is itself the real superpotential for the scalar potential, encodes information about the exact R symmetry and central charge.
In this section, we show that there is a consistent KK dimensional reduction, including the TsT transformations, to a three-dimensional theory. In terms of dimensional reductions, type IIB supergravity reduces on S 5 to give maximally supersymmetric SO(6) gauged supergravity in five dimensions [73] . Group theory dictates that we can further truncate to the U(1)
3
Cartan subalgebra giving rise to five-dimensional U (1) 3 gauged supergravity [74] , which we review in the appendix. Both of these reductions are based on a Freund-Rubin Ansatz and neither the NS nor RR three-form flux feature. As we have seen, TsT takes us out of the class of these reductions, since three-form fluxes are generated.
Thus, the process of identifying the three-dimensional gauged supergravity corresponding to our TsT transformations would be greatly simplified if it was known how to extend U(1) 3 gauged supergravity in five dimensions to include fields coming from the NS and RR threeforms. To the extent of our knowledge, a fitting consistent KK reduction has yet to be identified 15 . In the absence of the existence of such a reduction, here we will assume that all gauge fields are null 16 and that the scalars e g , X i only depend on the radial direction of (null-warped) AdS 3 .
We employ the following three-form flux Ansatz, which is motivated by our earlier results on TsT transformations In the absence of the dilaton and axion, the Bianchi identities, namely dH 3 = dF 3 = 0, are satisfied once the two-forms are closed. The remaining Bianchi, dF 5 = H 3 ∧F 3 , is unchanged since we have assumed that the fields we have introduced are all null. Our spacetime Ansatz is up to a conformal transformation largely the same as (5.19), which is designed to bring us to Einstein frame in three dimensions 5) and the five-form flux is unchanged. Here ds 2 3 denotes the three-dimensional metric, which will a priori depend on the coordinates of the internal space through its g ++ component.
We will comment on this in due course. Now, on the assumption that the scalars only depend on the radial direction, one can
show that the three-form flux equations of motion imply the following: (6.8) where in the last two equations the i index is not summed. As a result of this exercise, we see that the two-forms B Setting the scalars to zero b i = c i = 0, we can redefine
in order to recast (6.7) and (6.8) so that they take the expected form for a solution exhibiting z = 2 scaling
where in the explicit example of interest and z = 2.
Observe that we have performed a conformal transformation with the intention of producing a three-dimensional theory in Einstein frame. Therefore, in contrast to the original solutions (5.19) , where ℓ = 1, we have the unusual choice of ℓ immediately above.
We can also work out the changes in the Einstein equation. Dropping terms that feature in the original KK reduction, we get
where we have just focussed on the Einstein equation along the three-dimensional spacetime, since the fluxes we consider are all null and do not affect the other components of the Einstein equation. Here dots denote omitted terms from the original reduction. We note at this point that there is an inconsistency between the equations of motion coming from the flux (6.7), (6.8) and the Einstein equation (6.12) , where different factors appear. This is simply highlighting the fact that the solution generated by TsT generically has a g ++ metric component that depends on the internal geometry. We can make a simple choice based on our earlier TsT result (5.27) to restore consistency. Neglecting supersymmetry for the moment, we can consistently set b i = c i = C i 1 = 0 and identify the remaining fields as follows , (6.14)
the contribution of the vector B to the action takes the form of a massive vector:
This term, when added to the original Lagrangian (6.1), allows one to support a null-warped AdS 3 vacuum in addition to the original AdS 3 vacuum. This new vacuum corresponds to the result of the TsT transformations discussed in section 5, however since we have compromised the supersymmetry condition (5.30) through the above identifications, supersymmetry will be broken.
Supersymmetric vacuum
Taking into account our supersymmetry condition (5.30), it is possible to find deformations that preserve supersymmetry. If one combines the TsT generated solution (5.27), (5.28) with S-duality, the g ++ term of the metric will be proportional to the following expression 16) where λ i are the now accustomed constants arising from TsT transformations. In particular, λ 1 , λ 3 , λ 5 are, up to a relabelling, the three constants appearing in the solution (5.27), whereas λ 2 , λ 4 , λ 6 are new constants that arise when one combines TsT with S-duality. To see how this happens, we can focus on the result of a single TsT with constant λ 1 . The S-duality transformation interchanges the NS and RR two-form potentials and one notes that the resulting B-field has no ϕ 1 component, or in other words, g = 0 in (5.1). This means that applying TsT again along ϕ 1 , this time with constant λ 2 , we complete the first term in (6.16). Repeating in similar fashion one fills out the remaining terms. Our supersymmetry analysis then tells us that we should impose the following constraints on the constants,
It is easier to first redefine the following
where have introduced two constant angles β i , i = 2, 3, so that all dependence of g ++ on µ i drops out. This ensures that g ++ is a constant and that a dimensionally reduced description can be found. One can then solve (6.17), thus ensuring a supersummetric solution, provided β 2 and β 3 are chosen so that
Thus, to summarise, if we consider solutions generated via TsT and S-duality, we have 6 parameters with 4 constraints leading to a two-parameter family of supersymmetric nullwarped AdS 3 solutions where the g ++ term is independent of the coordinates on the internal manifold.
We now identify the corresponding contribution to the action, where we expect the relevant term to correspond to a massive vector. Inspired by our above analysis for the explicit supersymmetric solution, we make the identifications 20) where now i = 1, 2, 3 and for consistency we require β 1 = 0. We employ similar identifications for the field strengths H i 2 , G i 2 in terms of H 2 = dB 1 and G 2 = dC 1 . The equations of motion can then be derived from the following Lagrangian
In this expression we have retained the scalars, b, c, simply to illustrate that they are an expected component to any reduced theory. Further examples can be found in [14] . Strictly speaking these scalars have been retained on the assumption that they are null, so they cannot depend on the radial coordinate of AdS 3 unless we give up on consistency. However, we can consistently set them to a constant and truncate them out leaving us two massive vectors that can support supersymmetric null-warped AdS 3 solutions.
Since neither of these produce Chern-Simons terms, which typically result from isometry gaugings in three dimensions, they do not contribute moment maps to the T tensor and, as a result, the T tensor is the same with our without the additional Lagrangian terms above. Thus, for the two-parameter class of supersymmetric null-warped AdS 3 solutions described by the above three-dimensional action, c-extremization picks out the correct R symmetry and central charge.
Discussion
In this paper we have explored various aspects of supersymmetry for null-warped AdS 3 spacetimes. At the level of the superalgebra, we have exhibited subalgebras of the Lie superalgebra psu(1, 1|2)⊕ psu (1,1|2), which reconcile Schrödinger symmetry with supersymmetry. As expected, we have noted the existence of a maximal super Schrödinger superalgebra with twelve supersymmetries, corresponding to a light-cone compactification of AdS 3 × S 3 . Using projection conditions, we have identified an example with six supersymmetries and highlighted the existence of exotic superalgebras with less supersymmetry that are a direct consequence of the fact that we are working in lower dimensions.
For the superalgebra with six supersymmetries, we have provided a string theory construction in terms of a deformation of an intersecting D3-brane solution to type IIB supergravity. We believe this is the first example of a null-warped AdS 3 solution with enhanced supersymmetry and hope it is a stepping stone to elucidating properties of the dual CFT. Though we are acutely aware that it is difficult to find solutions with less supersymmetry, it would be interesting to find an example of a geometry without kinematical supersymmetries, since its existence is hinted at through our superalgebra analysis.
We have noted that TsT transformations acting on supersymmetric AdS 3 solutions to type IIB supergravity typically result in solutions where there are no superconformal Killing spinors and the number of Poincaré Killing spinors is halved. It is interesting that these appear to be the same solutions one gets from twists of five-dimensional Schrödinger solutions that exhibit supersymmetry enhancement. This raises a pertinent question about whether supersymmetry enhancement is actually possible for such classes of null-warped AdS 3 solutions. One would need to find the analogue of the harmonic and primitive (1, 1)-form that permits supersymmetry enhancement when the internal space is a Calabi-Yau cone. Alternatively, one could consider diagonal terms in the metric of the form g +m , where m denotes an internal direction [31, 32] .
In addition to the explicit example based on S 5 considered in [33] , we have identified two further type IIB Schrödinger geometries, one based on T 1,1 in five dimensions, and the other on S 3 × CY 2 in three dimensions, where the Schrödinger metric becomes independent of the internal geometry. This hints at the existence of a lower-dimensional theory, which has yet to be identified, that permits supersymmetry enhancement. Such a theory may serve as a setting to study classes of supersymmetric solutions with null-warped AdS 3 (Schrödinger) near-horizons. With the dynamical exponent z = 4, as we point out in appendix E, one can certainly find supersymmetric solutions corresponding to a large class of supertubes, so there may be some hope here. Separately, supersymmetric null-warped AdS 3 solutions have appeared in theories with Lorentz Chern-Simons terms [7, 8] and it has been observed in Ref. [8] that supersymmetry is not enhanced. We hope to address the identification of these lower-dimensional theories in future work to outline the minimal field content one requires for a geometric realisation of the super Schrödinger algebra. From the five-dimensional perspective, it may also be worth investigating (now that we have found examples based on S 5 and T 1,1 ) if one can find Schrödinger deformations for generic Sasaki-Einstein manifolds that allow a purely five-dimensional description, or are they simply the preserve of coset manifolds. If so, four-dimensional analogues in M-theory based on the Sasaki-Einstein manifolds S 7 and Q 1,1,1 (see [68] ) are to be expected. A lower-dimensional description for these solutions should also present an insight into a potential solution generating mechanism. We recall that Schrödinger solutions with enhanced supersymmetry have to be constructed case by case and it is not known how one generates them. As is common in gauged supergravities, the lower-dimensional picture may highlight a non-trivial transformation, potentially of Ehlers type, through which they can be generated.
In the last part of this paper, we have observed that the c-extremization prescription presented in [42] can also be applied to null-warped AdS 3 solutions that have been generated via TsT. It would be a considerable improvement on the treatment presented here if a construction with enhanced supersymmetry could be found, since in that case, we would be able to understand the R symmetry from the field theory perspective. In the light of the work of [19] on warped CFTs with only SL(2, R)× U(1) isometry, by further incorporating supersymmetry, it may be hoped that one can also find a field theory treatment of c-extremization for such a class of theories. It is also an obvious open direction to consider how a-maximization [69] may work in the non-relativistic setting. We hope to return to this question in future work.
Finally, though we have not touched upon the subject here, now that we have an example of null-warped AdS 3 with enhanced supersymmetry, the identification of the dual field theory is a pressing concern. Dipole theories preserving supersymmetry are known and the suggested gravity duals [66] all involve deformations of the internal geometry. In contrast, here we witness no deformation of the internal geometry, so it is unlikely the field theory description corresponds to a dipole theory. Thus, the candidate dual field theory, if one exists, should be something new and it remains to be seen if a convincing candidate can be found.
A Super Schrödinger algebras
In this Appendix, we consider super Schrödinger algebras as subalgebras of psu(1,1|2)⊕ psu (1,1|2) . Here the superalgebra psu(1,1|2)⊕ psu(1,1|2) describes the superconformal symmetry of the AdS 3 ×S 3 geometry. We first give the algebraic relations of psu(1,1|2)⊕ psu(1,1|2) . Then we show the super Schrödinger algebra preserving maximal supersymmetries. Finally subalgebras of the maximally supersymmetric Schrödinger algebra.
The superalgebra psu(1,1|2)⊕ psu (1,1|2) Let us introduce the algebraic relations of psu(1,1|2)⊕ psu(1,1|2) .
The bosonic part is given by
The other commutators vanish. Here the indices µ, ν, ρ = 0, 1 denote two-dimensional spacetime with the metric η 00 = −1 and η 11 = 1 . The indices a, b, c, d = 1, 2, 3 denote the internal symmetry su(2)⊕su(2) . For later convenience, so (4) is decomposed into two su(2)'s.
The mixed commutation relations of the bosonic generators and the supercharges are
Here I = 1, 2 ,α = 1, 2 , α = 1, 2 and the charge conjugation matrices are defined aŝ
The gamma matrices are given by
where σ i (i = 1, 2, 3, ) are the standard Pauli matrices. The spinor convention is
Finally, the commutation relations including only the supercharges are given by
In the next subsection, we will consider super Schrödinger algebras by using the algebraic relations introduced here.
Super Schrödinger algebras
Let us consider super Schrödinger algebras. The first goal is to find out the maximally supersymmetric Schrödinger algebra by following the strategy argued in [23, 24] 19 . Then it enables us to consider less supersymmetric Schrödinger algebras as subalgebras of the maximal one.
The bosonic part
We first consider the bosonic part of super Schrödinger algebras. For this purpose, it is necessary to introduce the light-cone coordinate. Our light-cone convention is the following:
The dilatation generator with z = 2 is defined as
It is convenient to use the notation:
Then the bosonic Schrödinger algebra is obtained as a subalgebra,
Here M is a center. It is easy to check the Jacobi identity. In the present case there is no spatial translation and rotation, Galilean boost. The resulting algebra is nothing but SL(2, R) × U(1) .
The fermionic part
The next is to argue the fermionic part. The bosonic Schrödinger algebra is realized as a subalgebra of the conformal algebra. Hence, according to the restriction, it is necessary to project out some of the supersymmetries contained in psu(1,1|2)⊕ psu(1,1|2) . Let us first see the anti-commutators in (A.26). The first anti-commutator is obviously irrelevant. The second anti-commutator gives a constraint. It can be rewritten as .30) Note that the unwanted generator K + , so as to close the Schrödinger algebra, is multiplied by the matrix
19 In [23, 24] , super Schrödinger algebras are considered from psu(2, 2|4), osp(8|4) and osp(8 * |4). For generalizations to the z = 2 case and classifications of super Lifshitz algebras, see [25] .
In order to remove K + , the component S where we have defined the projection operators,
Then, by using the projected supercharge
, the super Schrödinger algebra is closed, and the anti-commutator is rewritten as
The next is the last anti-commutator. Noting that
the last anti-commutator is rewritten as
The remaining task is to check the commutator including the bosonic and fermionic generators. It is easy to show the following relations,
Thus the Schrödinger algebra is closed with the supercharges Q 
The maximal super Schrödinger algebra
It is valuable to summarize the (anti-)commutation relations of the maximally supersymmetric Schrödinger algebra.
The commutation relations of the maximal super Schrödinger algebra:
Here we have used the formula,
The remaining SUSY is 8 Poincare SUSY and 4 conformal SUSY.
Super subalgebras
Then we consider an example of less supersymmetric Schrödinger algebras, which preserves 4 Poincare SUSY and 2 conformal SUSY. Then the internal symmetry is taken N 13 and R 2 as the non-vanishing component. The other components of N ab and R a are zero. According to this choice,
The additional projection condition is given with the projection operators Here, to make the anti-commutator {Q, Q} non-vanishing, let us keep the components
The commutation relations of the resulting super Schrödinger subalgebra:
Similarly, it is possible to find out less supersymmetric Schrödinger algebras. For example, by keeping Q , the resulting algebra preserves 2 dynamical supersymmetries and 2 conformal supersymmetries. The algebra of this type has not been found from psu(2, 2|4), osp(8|4) and osp(8 * |4). The existence of such an algebra is based on the dimensionality of the present case we consider.
B Killing spinor analysis
We follow the supersymmetry conventions of [33] , which entails solving a gravitino and dilatino variation of the form
Here we work with a basis where the gamma matrices are real and ǫ c = ǫ * . We use the conventions Γ 11 ǫ = Γ +−23456789 ǫ = −ǫ.
From the offset we have assumed that f and W are independent of the transverse CY 2 . This means that CY 2 plays largely no role and the gravitino variation along these directions is satisfied provided
where the m = 6, 7, 8, 9 labels the CY 2 directions. The Killing spinor equation (KSE) along M = − takes the form 
where ǫ 0 is independent of x − . Following [33] , we can now decompose ǫ 0
where γ D3 ǫ ± = ±ǫ ± . The Killing spinor may then be rewritten as
This is essentially (2.13) of [33] when one notes that there are no additional spatial directions, so that the last term vanishes.
From the dilatino variation and (B.41), we can now infer the following
Moving onto M = a, a = 2, 3, 4, 5, inserting our expression for the Killing spinor (B.45) and decomposing under γ D3 , we get the following equations:
where the superscript identifies the above covariant derivative as that of R 4 with orthonormal frame e r = dr, e α = rē α , (B.49) where α = 3, 4, 5 labels the orthonormal frame for S 3 . These equations can again be mapped to (2.18) and (2.19) of [33] when one takes (B.46) into account. The absence of spatial directions for our Schrödinger solution mean that there is no analogue of (2.17) of [33] .
The M = + component of the KSE is
Decomposing this further, one gets
r / ∂f Γ r + This appears to be a marked difference with the same calculation in five dimensions. Here, (B.55) does not appear to follow obviously from a constraint derived from the KSE. This appears to allow room for the presence of exotic supersymmetry enhancement that does not fit into the usual pattern of kinematical, dynamical and superconformal supersymmetries.
However, once this condition is imposed, the Killing spinors can be solved in the analogous fashion to [33] . From (B.47), we see that ǫ + is covariantly constant on R C Review of five-dimensional U (1)
gauged supergravity
In this section we present a short review of U (1) 3 gauged supergravity in five dimensions. The action can be found in [74] L 5 = R * 1 − Note the scalars X i are subject to the constraint X 1 X 2 X 3 = 1. The potential possesses a single AdS 5 vacuum, which is supersymmetric. Varying the action one finds the following equations of motion: Explicit five-form from KK reduction
Here we give an explicit form for the five-form flux including the Hodge dual. In doing so one has to consider Hodge duals for the two-dimensional space
for which the following expressions are useful:
Performing the Hodge duality, one can work out an explicit expression for the self-dual five-form
The Bianchi identity reproduces the equations of motion (C.66) and (C.67).
D Some technical details
In this appendix we gather some technical details. where i = 1, . . . , 7 ranges over the space transverse to the null-warped AdS 3 spacetime. We assume A, f are independent of r and that they only depend on the coordinates of the transverse space. The deformations we consider in section 6 only affect the E ++ component of the Einstein equation, the corresponding Ricci tensor for which may be expressed as 77) where the five-dimensional spacetime can be further written as
Einstein equation
For the moment we will not worry about the explicit expressions,, which may be found in [77] , but would like to dimensionally reduce and T-dualise to recast the general solution in terms of a type IIB supergravity solution (string frame where we have re-labelled ψ = 2x 9 and * 5 refers to Hodge duality with respect to the metric ds We can now compare this directly to the reduction Ansatz considered in [14] (which is based on [13] ) leading to the three-dimensional Einstein frame metric
At this stage it is a good point to introduce the explicit expressions for µ, Z i , where a, b are constants.
For the Ansatz considered in [78] we noted that non-relativistic solutions with z = 4 appear, but we recognise here that this is also the case in greater generality. In the limit of small r, we have
(E.83)
